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PARTIAL SCHAUDER ESTIMATES FOR SECOND-ORDER 
ELLIPTIC AND PARABOLIC EQUATIONS 

HONGJIE DONG AND SEICK KIM 



Abstract. We establish Schauder estimates for both divergence and non- 
jrt '' divergence form second-order elliptic and parabolic equations involving 

Holder semi-norms not with respect to all, but only with respect to some 
of the independent variables. 



1. Introduction 



The aim of this article is to obtain certain pointwise estimates, which 
we shall hereafter call partial Schauder estimates, for both divergence and 
non-divergence form second-order elliptic and parabolic equations involv- 
ing Holder semi-norms not with respect to all, but only with respect to some 
^' of the independent variables. 

0\ \ To be more precise, let us first introduce some related notations. Most 

^ \ notations are chosen to be compatible with those in |l9l . Let x = {x^ , . . . ,x'^) 

be a point in W' , with d > 2, and q be an integer such that 1 < q < d. We 
l/-^ ■ distinguish the first q coordinates of x from the rest and write x = (x', x"), 

O I where x' = {x^, . . . , x^) and x" = {x^^^ , . . . , x^). For a function u on R'', we 

define a partial Holder semi-norm with respect to x' as 

\u{x',x")-u{y',x")\ 

K> t"]^''^ •= ^"P ^"P n — 7^ • 

Throughout this article, we assume < 6 < I unless explicitly otherwise 
stated. For fc = 0, 1, 2, . . ., we set 

[u]x',k+s = [D^Mh'^s = max [D"uh'^s, 

aeZl, \a\=k 

where we used the usual multi-index notation and D" := D"^ ■ . . . D^'. 

Let L be a uniformly elliptic operators in non-divergence form Lu = 
a'^DijU, whose coefficients are measurable in x and Holder continuous in 
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x' . Then a partial Schauder estimate for L in the whole space W^ is an esti- 
mate of the form 

where A^ is a constant that depends only on J, q, 5 and the ellipticity con- 
stant of L, and K is the partial Holder semi-norm of the coefficients of L 
with respect to x'\ see Theorem 12 .41 and Remark [2.171 below for more pre- 
cise statement. Moreover, if the coefficients of the elliptic operator L are 
constants, then we have a better partial Schauder estimate of the form 

(t) \DM\^&<^\l^u\^',s, 

which means that if Lu is Holder continuous in x\ then D^^'U are Holder 
continuous not just in x' but in all variables. For the proof of ([t]), we make 
use of the divergence structure in operators with constant coefficients. We 
also give an example which shows the optimality of ([t]). It should be men- 
tioned here that the estimate ([t]) is originally due to Fife [6], who actually 
treated elliptic equations of order 2m by means of the potential theory. How- 
ever, our method also works for parabolic equation with coefficients merely 
measurable in the time variable, to which the potential theory is not appli- 
cable. In this case, we prove that 

iX) [Av'M](l+a)/2,l+5 < l^\Pu\^'^s, 

which implies that \iPu := u, - a'\t)DijU is Holder continuous in x', then 
Dxx'U are Holder continuous in (t, x); see Sect. [5] for the details of the esti- 
mates Q, (jfj), and other related results. 

There is a vast literature on the classical "full" Schauder estimates of 
elliptic and parabolic equations. We refer readers to, for example, [B |2l 
Il[ll[lll[l3l[l5l[l6l[171ll8l[13|2ll|22land references therein. Roughly 
speaking, the classical Schauder theory for second-order elliptic equations 
in non-divergence form says that if all the coefficients and data are Holder 
continuous in all variables, then the same holds for the second derivatives 
of the solution. The Schauder theory for second-order parabolic equations 
in non-divergence form says that if all the coefficients and data are Holder 
continuous in the spatial variables and measurable in the time variable, then 
the same holds for the spatial second derivatives of the solution (see, e.g., 
|[Il[Hl[l3l[l5]|)lj These results were recently generalized in UllH to equations 
with growing lower order coefficients. 



In many places, Schauder theory for parabolic equations may also refer to the result 
which says that if the coefficients and data are Holder continuous in both space and time 
variables, then the same holds for the spatial second derivatives and the time derivative of 
the solution (see, e.g., ll9]fT4ll'). 
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On the other hand, it seems to us that there is very little literature regard- 
ing Schauder estimates for elliptic and parabolic equations with coefficients 
and data that are regular only with respect to some of the independent vari- 
ables. We started investigating this problem after conversations with Pro- 
fessor Xu-Jia Wang, who recently informed us about a paper by Fife [6J and 
an upcoming article by himself and Tian [|20ll on this subject. Another moti- 
vation of our paper is recent interesting work initiated by Krylov in [TTOl on 
Lp- solvability of elliptic and parabolic equations with leading coefficients 
VMO in some of the independent variables. 

Compared to previously known results, the novelty of our results is that, 
as we alluded earlier, we allow the coefficients of the operator to be very 
irregular in x"\ the payoff is that our method only works for second-order 
elliptic and parabolic operators, where the maximum principle and Krylov- 
Safonov theory (or De Giorgi-Moser-Nash theory) are available. We also 
note that in the nondivergence case, the operators are allowed to be degen- 
erate in x"\ see Remark [3TTTJ 

The organization of this paper is as follows. In Sect. [21 we state our main 
theorems and introduce some other notations. The proofs of main theorems 
are given in Sect.[2]and Sect. HI Finally, we treat equations with coefficients 
independent of x in Sect. [5] and prove estimates ^ and ([f]). 

2. Main Results 
First, we consider elliptic operators in non-divergence form 

(2.1) Lu := a'\x")DijU 
and elliptic operators in divergence form 

(2.2) £u := Di(a'\x")Dju), 

where the coefficients a'^{x) = a'^{x") are bounded measurable functions on 
R'' that are independent of x' and satisfy the uniform ellipticity condition 

(2.3) v\^f <a'\x)^'^^ <v-^\^\^, Vjcer', ^er', 

for some constant v e (0, 1]. We assume the symmetry of the coefficients 
(i.e., a'^ = a^') for the operators L in non-divergence form but for the oper- 
ators X in divergence form, we instead assume that Zf ,=1 l^'^P ^ '^~^- 

For fc = 0, 1, 2, . . ., we denote C^,(R'^) the set of all bounded measurable 
functions u on R.'' whose derivatives D"u for or 6 Z^ with \a\ < k are con- 
tinuous and bounded in R''. We denote by C^,^''(R^') the set of all functions 
u 6 C^,(R'') for which the partial Holder semi-norm [u]x'Md is finite. We 
use the notation WpiW'), k = 1, 2, . . ., for the Sobolev spaces in R''. 

We say that w is a strong solution of Lu = f in R'' if m e W^ focC^'^) ^^^ 
satisfies the equation Lu = f a.e. in R'^. 
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Theorem 2.4. Let ube a bounded strong solution of the equation 

Lu = f in R^, 

where f e CJ^,(R'^) and the coefficients a'^ of the operator L are continuous 
in W^. Then u 6 C^'^^iW^) and there is a constant N = N{d, q, 6, v) such that 

(2.5) [uh,,2^s < N[fh,s- 



Remark 2.6. In Theorem l2.4l instead of assuming w is a strong solution, we 
may assume that w is a viscosity solution of Lu = f. 

Remark 2.7. The continuity assumption on the coefficients a'^ is not essen- 
tial in Theorem 12. 4[ and the constant A'^ doesn't depend on the modulus of 
continuity of a'^. All that is needed for the proof is VKj-solvability of the 
Dirichlet problem (13.21) . For example, we may assume that the coefficients 
a'^ of L belong to the class of VMO; see, e.g., [5]. 



We shall say that a is a weak solution of £,u = div / in R if m is a weak 
solution in W2(^) of -^" - div/ for any bounded domain Q. c R''. 

Theorem 2.8. Let u be a bounded weak solution of the equation 

£u = div/ in W', 

where f = if\ . . . ,/^) and f e C^,(R^)/or / =l,...,d. Then u e C]+^(R'') 
and there is a constant N = N(d, q, 6, v) such that 

Next, we consider parabolic operators in non-divergence form 

(2.9) Pu:=ut- d\t, x")DijU 
and parabolic operators in divergence form 

(2.10) ru := u, - Di(a'\t, x")DjU), 

where t e M. and x = (x',x") e W^. Here, we assume the coefficients 
a'^(t, x) = a'^(t, x") are bounded measurable functions on R''^' that are in- 
dependent of x' and satisfy the uniform parabolicity condition 

(2.11) y|^p < a'\t,x)e^^ < v-'\^\\ V(^x) e R'^', ^ e R^ 

for some constant y e (0, 1]. As in the elliptic case we assume the symme- 
try of the coefficients for the non-divergence form operators P but for the 



d 



I'H'^ < v'^. 



operators P in divergence form, we instead assume that Z; ,=i \^'^\ ^ ^ 

For a function u{t,x) = u(t,x',x") on R'^^^ we define a partial Holder 
semi-norm with respect to x' as 

,^ 1^, r 1 \u(t,x',x")-u{t,y',x")\ 
(2.12) [uh^s ■= sup sup — . 

teR,x"eW-i x',y'eE.'' \^ J I 

x'^y' 
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Other related definitions such as [u]x',k+6 (k = 0, 1, 2, . . .) are accordingly 
extended to functions u = u{t, x) on W^^^ . Let 2 be a domain in R''"^^ We 
say that u e Wp^(Q) for some p > 1 if m and its weak derivatives Du, D^u, 
and Uf are in Lp(Q). 

We say that w is a strong solution of Pu = f in R''+' if w e W];^j ioc(^'^^^) 
and satisfies the equation Pu = f a.e. in R''"^^ 

Theorem 2.13. Let u be a bounded strong solution of the equation 

Pu = f inR''^\ 

where f e C^,(J^''*^) (^f^d the coefficients a'^ of the operator P are continuous 
in W^*^. Then u G C^,'^''(R^"^^) and there is a constant N = N{d,q, 6, v) such 
that 

[uh'MS < N[f]jc'^s- 

We say that w is a weak solution of "Pm = div / in R''^^ if w is a generalized 
solution from VjiQ) ofPu = div/ for any bounded cylinder Q = {to, ti)xQ. 
in R'^+i; see U^ §111.1] for the definition of VjCQ), etc. 

Theorem 2.14. Let u be a bounded weak solution of the equation 

Pu = div/ in R^+^ 

where f = {f\...,f^) and f e Cf,(R^+') fori = l,...,d. Then u e 
C^,^''(R'^'^') and there is a constant N = N(d, q, 6, v) such that 

One may also wish to consider parabolic partial Schauder estimates re- 
garding Holder continuity in t as well. Let z = it,x) = {t,x\ . . . , x^) be a 
point in R''^^ and denote z' = {t,x') = {t,x^ , . . ., x'^). We define the parabolic 
distance between the points z[ = (ti,x[) and Z2 = {ti, x'^) as 

p{z\,Z2) = \x\-x'2\ + \t,-t2\"\ 

We define a partial Holder semi-norm with respect to z' as 

\u{z\,x")-u{z'2,x")\ 
[.],,;,, := sup sup — -^^ . 






-.(5/2,(5 /-luJ+l 



By C^, ' (R ) we denote the set of all bounded measurable functions u on 
R'^+i for which \u\,^sii,& < ^- We also introduce q\+''^^'^+^(R^+i) as the set 
of all bounded measurable functions u for which the derivatives w, and D"u 
for a eZl_ with \a\ < 2 are continuous and bounded in R''^', and 

Mz',l+S/2,2+6 •= [mJz' ,(5/2,(5 + [-DyM]^' ,5/2,(5 < OO, 



6 H. DONG AND S. KIM 

where we used the notation 

{D\,u\>^5I2,6 := max {D"u\> ^612,5, k = Q,\,2,.... 

It is slightly more complicated to define [m]z',(i+5)/2,i+<5- First, we define a 
semi-norm (see [ | 14l Chapter IV]) 

, , \u(t,x) - u(s,x)\ 

<">l+<5 ■= sup S"P U_,|(l.^)/2 • 
xeW t,seR K S\'- " 

Then we define 

["]z',(l+i5)/2,l+(5 '■= [.Dx'U\'si2,S + (w)l+(5 ■ 

By c(^^+'')''2,i+5^]g^£/+i^ ^g denote the set of all bounded measurable functions 
u for which the derivatives D"u for or e Z^ with la] < 1 are continuous and 
bounded in W'^^ and [m]2',(i+5)/2,i+<5 < °°- 

If the coefficients a'^(f, x") appearing in (12.91) and (|2.10l) are also indepen- 
dent of t so that a'^ = a'\x"), then we have the following theorems. 

Theorem 2.15. Let u be a bounded strong solution of the equation 

Pu = f inW'^\ 

where f & C ! ' (R'^"^^) and the coefficients a'^ of the operator P are contin- 
uous in W''^^ and independent of z' ■ Then u e C , ' '^ (R^"^') and there is a 
constant N = N(d, q, d, v) such that 

Mz',l+S/2,2+S ^ ■^[/]z',r5/2,5- 

Theorem 2.16. Let u be a bounded weak solution of the equation 

Pu = di\f inR'^^K 

where f = {f\...,f^) and f 6 &J^'\W^*^) for i = \, . . . ,d and the coeffi- 
cients a' J of the operator P are independent of z'- Thenu eC , (R'^+^) 
and there is a constant N = N(d, q, 6, v) such that 

[m]z',(1+<5)/2,1+5 ^ N[f]fs/2,s. 

Remark 2.17. Recall that the classical Schauder theory is built on the es- 
timates of equations with constant coefficients by using a perturbation ar- 
gument. In Theorem 12. 4[ the conditions of the coefficients a'^ can be also 
relaxed to allow the dependence on x'. For instance, we may assume that 
the coefficients a'^ satisfy [a'^]^^'^ < K for some ^ > 0, at the cost that u 
should be assumed to have bounded derivatives up to second order and an 
additional term NK[D^u]o appears on the right-hand side of (12.51) . See the 
remark at the end of the next section for the proof. All the other theorems 
stated above can be extended in a similar fashion as well. 
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Remark 2.18. An interesting related question is whether the partial Schauder 
estimates hold up to the boundary, say for equations in the half space with 
the zero Dirichlet condition on the boundary. In the special case that the 
normal direction is one of .x;" -directions, we can use the technique of odd 
extensions to get an equation in the whole space, and then deduce the regu- 
larity in the x' -directions. In general, the partial Schauder estimate does not 
hold up to the boundary even for the Laplace operator in the half space. We 
have the following example in the half space {(x\x^) 6 R.^ : jc^ > 0}, which 
is inspired by a similar example for parabolic equations recently suggested 
by M. V. Safonov to the authors. Let m be a solution to the problem 

Am = / := T]{x^)7]{x^)x[o,oo)(x^), u(0, •) = 0, 

where 77 is a smooth function on R satisfying 771(0 = 1 for \t\ < 1 and 
7/(0 = for \t\ > 2. Notice that v := DjM satisfies v(0,x^) = riX[o,oo)(x^) and 
Av = in the strip {{x^,x^) 6 R^ : < .x;^ < 1}. In particular, we have 
v(0, -s) = for any s > 0. On the other hand, it can be seen (e.g., via 
boundary Hamack's inequality) that for sufficiently small e > we have 
v(e, -s) > 6 for some positive number 6 independent of s. So there is no 
control of the modulus of continuity of D^u even if / is smooth in x^ . 

Remark 2.19. Although in this paper we only focus on equations without 
lower order terms, it is worth noting that by observing the proofs below 
the theorems above can be extended to general linear elliptic and parabolic 
operators in nondivergence form 

Lu = a'\x")DijU + b\x")DiU + c{x")u, 

Pu = -Ut + a'\x")DijU + b\x")DiU + c(x")u, 

with bounded coefficients b' and c, and elliptic and parabolic operators in 
divergence form 

£u = Di(a'\x")DjU + b\x")u) + P{x")DjU + c{x")u, 

Vu = -Ut + Di(a'\x")DjU + b\x")u) + b\x")Dju + c(x")u, 

with bounded coefficients b', b' and c. In these cases, an additional term 
A^|m|o should appear on the right-hand side of the estimates. 

3. The proofs: Elliptic estimates 

We prove the main theorems in essence by following M. V. Safonov 's 
idea of applying equivalent norms and representing solutions as sums of 
"small" and smooth functions. However, his argument as reproduced in the 
proof of [9, Theorem 3.4.1] is not directly applicable in our case by several 
technical reasons and to get around this difficulty we also make use of the 
mollification method of Trudinger [|2T]| . 
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For a function v defined on R'^ and e > 0, we define a partial mollification 
of V witli respect to the first q coordinates x' as 

nx',x") := 1 r v{y',x")d^^^] dy' = f v{x' - sy' , x"X(y') dy' , 

where ^{x^, . . .,x'^) = nf=i vi^') ^^^ V = ^(0 is a smooth function on R 
with a compact support in (-1,1) satisfying J 77 = 1, Jtrjdt = 0, and 
J t^rj dt = 0. Then, by virtue of Taylor's formula, it is not hard to prove the 
following lemma for partial mollifications (see, e.g., [|9l Chapter 3]). 

Lemma 3.1. i) Suppose v e C^,(R''). Then for any s>Q, 

s'-^ sup \D,,n + s"-' sup \Dln < Nid, q, 6, ti)[v],>,s, 

ii) Suppose v e C^t^W') {k = 0,l, 2). Then for any s > 0, 
sup |v - r\ < Nid, q, 6, r])s^^\v]^>,k-,s- 

For k = 1,2,... denote by P^ the set of all functions p = p{x', x") on R'' 
such that p{x',x") is a polynomial of x' 6 R'^^ of degree at most k for any x". 
We will also use the following notation for a partial Taylor's polynomial of 
order k with respect to x' of a function v at a point x[^: 

fl,v{x\ x") := Yj ■^^^' - ^'oTD"v{x'„ x"). 

aeZl, \a\<k 

Proof of Theorem \2~4\ First we derive an a priori estimate for u assuming 
that u e ClT^iW'). Let a: > 2 be a number to be chosen later. Since a'^ are 
independent of x', we have for any r > 0, 

Lu'' = f'\ 

Let xq be a point in R'' and for simplicity of notation, let us write B, = 
Br{xo)- Let w e W^ loc^^^r) n C*'(5;f,-) be a unique solution of the Dirichlet 
problem (see [[71 Corollary 9.18]) 

Lw = in 5^ 

(3.2) 



w = u-u"'' on dBi,r. 
By the maximum principle and Lemma iBTTl ii), we obtain 

(3.3) sup \w\ = sup |w| < N(Kr)^^^[u]j,'2+s- 

It follows from the theory of Krylov and Safonov that w is locally Holder 
continuous in 5^^ with a Holder exponent Sq = 6o(d, v) e (0, 1). Since a'^ 



are independent of x', it is reasonable to expect from (|3.2I) a better interior 
estimate for w with respect to x'. Indeed, by using a technique of the finite 
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difference quotients and bootstrapping (see, e.g., |l3l §5.3]), one easily gets 
from the Holder estimates of Krylov and Safonov that, for any integer ^ > 1, 

(3.4) [^>]o;B„/2 < {Kr)-'N{i, d, q, y)|w|o;B„, 
where we used notation 

{D[,w\b = max {D"w\b\ [w]o;b = WWb = sup \w\. 

aeZl,\a\=t B 

In particular, with ^ = 3, we get 

(3.5) \w - f 2,w|o;B, < Nr'[Dl,w]o;B,. < Nr\Dl,wh,B,,i, 

where the last inequality is due to (13.31 ). 

On the other hand, it is clear that v := u - u"'' - w satisfies 

(Lv = f-f'' in 5,,; 
(^ V = on oBi,r. 

Therefore, by the maximum principle and Lemma [37T] ii) we have 

(3.7) \u - u"' - w|o;B„ < N{Krf^'[fh,s. 
By Lemma ISTI i). we also get 

(3.8) W - f], u'\,B, < Nr\D\,u'%,B,. < NK'-'r^^'M,,^^,. 

Take p = flw + f^,^' e ¥2- Then combining (l33]), ^J}, and ^M yields 

\U - p\q-b,- <\u- u'"' - w|o;B, + \u'"' - flW^-B,- + \W- flw\Q-B,- 

This obviously implies 

(3.9) r-^-' inf \u - p\o;baxo) < Nk''' [u],,,2^s + NK^^\fl,,^s, 

for any xq e R'^ and r > 0. We take the supremum of the left-hand side (13.91 ) 
with respect to xq e R"^ and r > 0, and then apply [9, Theorem 3.3.1] to get 

(3.10) {u],,^2^s < Nk'-'{u],,^2^s + NK^^'[fh,s- 

To finish the proof of (12.51 ) for u e C^'^^{W'), it suffices to choose a large k 
such that A^A-"*"' < 1/2. 

Now we drop the assumption that u e C'^^^iMf') by another use of the 
partial mollification method. As noted earlier in the proof, since a'^ are 
independent of x', we have 

Lu^l''=P'\ k=l,l,.... 
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Since u^^'' e C^^'^iMf'), by the argument above, we have a uniform estimate 

[u'^'h'MS < N[f/\>,s < N[fh,s, k=\,2,.... 

Moreover, [i<'''*']o < [u]o and u^^'^ converges locally uniformly to w as fc 
tends to infinity. We thus conclude that u e Cl^\W') and (|23l) holds. The 
theorem is proved. n 

Remark 3.11. In fact, the operator L in Theorem l2.4l is allowed to be degen- 
erate in the x" direction; i.e., the uniform ellipticity condition (|2.3I) can be 
replaced by the following degenerate ellipticity conditionj 

for some constant v G (0, 1]. The reason is sketched as follows. Denote by 
B'j. the ^-dimensional ball of radius r centered at the origin. Let w be the 
solution of 

( Lw = in 5;, X W'-'i; 

[w = u-u"' on 5;,. X W'-'i. 

Then v := u - ii'"' - w satisfies 

{Lv = f-r in 5;, X R^-'?; 

I V = on dB' X R^-'?, 



instead of (13.61) . Notice that we still have the estimates (|3.3I) and (13.71) . 
but the Krylov-Safonov estimate is not available here since the equation is 



degenerate. Instead, we prove (|3.4I) by using Bernstein's method; see, for 
instance, [9, Theorem 8.4.4]. Let ^ G C^(5i) be a cut-off function such that 
^ = 1 on 5 1/2. Denote ^kA^) = ^{x/Kr). Consider the function 

where // > is a constant to be chosen later. Since Lw = and L{D^-'W) = 
in B;,r, we have 

LW = 2iu(Kry^a'^DiwDjw + 2(a'^D,-^,,D/,, + ^,,-L^Kr)\DM^ 

By using Cauchy-Schwarz inequality 

y^^'ri^\ < ^|cJi^} ^|a^hfri'j , V^, rj G R'', 



and Cauchy's inequality with s, we get 

LW > 2iu(Kry^a'^DiwDjW + 2(-3a'-'D,-^^,D/^, + ^^,L^^,)|A 
> 2 (iu{Krr\ - 3a'^Dii;,rDjCr + UMk) \DM^ > 



'Wp 



^ We would like to thank the referee for pointing this out to us. 
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provided that jj. is chosen sufficiently large. Therefore, by the maximum 
principle, we have 



which gives (13.41) for £ = 1. The general case can be deduced by an induc- 
tion. The rest of the proof remains valid. 

Proof of Theorem IZ^ As in the proof of Theorem 12. 4[ let us first assume 
that u e Cl^^iR''). Let /<■ > 2 be a number to be chosen later. Since a'-' are 
independent of x', we have for any r > 0, 

(3.12) £u"' = diwr'-. 

Let xq be a point in W^ and write 5« = Bk(xo). Let w e WjC^^fr) be a unique 
solution of the generalized Dirichlet problem (see [|71 Theorem 8.3]) 

f £w = in B^r', 

(3.13) .,, .„ 

[w = u - u on oBi,r. 

By the weak maximum principle (see [7, Theorem 8.1]) and Lemma ISTl ii). 
we obtain 

(3.14) sup \w\ = sup \w\ < NiKry^\u]:,',i+s- 
B„ as,,. 

It follows from the well-known De Giorgi-Moser-Nash theory that w is lo- 
cally Holder continuous in 5^^ with some exponent <5o = SQ{d,v) e (0, 1). 
Again we use the technique of the finite diff"erence quotients and bootstrap- 
ping to get that, for any integer £ > I, 

[^>]o;B„,, < N{Krr'N{£,d,q,v)\w\o;B„. 



Our/! 

In particular, with ^ = 2, we get 

(3.15) \w - fl,w\o;B, < Nr^[Dlw]o-^B, < Nr^Dlwh^^,, 

< Nk-Mo-a.. < Nx'-'r'^'iuhj^,, 

where the last inequality is due to (13.141) . 
On the other hand, v := u - u'^'' - w satisfies 

|i;v = div(/-r'-) in 5,,; 

\ V = on dBi,r. 

By taking v itself as a test function for the above equation, we get 

(3.16) ii£'viL,(5„)<A^ii/-rniL.(B„). 

To obtain an a priori bound for v, we first use a local boundedness estimate 
for the weak solution v (see e.g., Theorem 8.17]) and get 

|v|o;i..,. < NKr\f - ~r\oA. + NiKrr'"-\\vh,,s.,. 



12 H. DONG AND S. KIM 

Then the Poincare inequality (see e.g., [7, (7.44)]) 

I|v||l,(b„.) < NKr\\Dv\\L,(B„) 
together with (|3.16l) and Lemma [3TT] ii) yields 

(3.17) |v|o;fi„,, < A^(^r)^+^[/],,,,. 
By Lemma ISTI i). we also get 

(3.18) W - TI,u''\b,. < Nr\Dl,u'"-]^,B, < NK'-'r'^\u\,,^,^s. 
Take p = f\w + f\u"' efi. Then by (ITTSl) . (ITTtI) . and (ITTSl) . we get 

\U - p\q.b, <\u- u"' - w|o;B,. + W - fl^u'^-Br + |W - flMo-Br 

The rest of proof is almost identical to that of Theorem l2.4l and omitted, n 
Remark 3.19. We now give a proof of the claim made in Remark [2. 171 Let 

L' := a'\xQ,x")Djj 
and w be the solution of (13.21) with L' in place of L. Let us also denote 

g = (a'^(jCo, x") - a'\x',x"))DijU. 
Then, instead of (13.61) . v satisfies the problem 

{L'v = f-r + g-r in 5..; 
\ V = on dBi^r- 

Notice that we have (recall k>2) 

\r\;B., + l^loA,. < NK{Kr)\DM^. 



Then similarly to (13.71) . the maximum principle yields 

The rest of the proof is almost the same as that of Theorem 12.41 

4. The proofs: Parabolic estimates 

The proofs are similar to those in the previous section but some adjust- 
ments are needed. 

Proofs of Theorem \2.13\ and \2. 14\ Since we are dealing with partial Holder 
semi-norms with respect to x' and not with respect to t, the proofs of Theo- 
rems [2?T3] and [OH are completely analogous to those of Theorems 12.41 and 
I2.8[ We simply have to replace B,- by Q,-, elliptic estimates by correspond- 
ing parabolic estimates, etc. Since we will replicate very similar arguments 
in the proofs of Theorems 12. 15l and l2. 16l below. we omit the details here, n 
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We introduce a few more notation for the proofs of Theorems 12.151 and 
I2J61 For z = (t, x) e R^+i let Qp{z) = {t - p^ t) x Bp(x) and dpQp{z) be its 
parabolic boundary. We denote by Pi the set of all functions p on R'''^^ of 
the form 

piz) = p{t,x',x") = Y^ a\x")x' +fi(x"), 
i=i 

and by P2 the set of all functions p on R''"^' of the form 

p(z) = pit, x', x") = a(x")t + 2 a'(x")x' + J^ a'\x")x'xJ +/3(x"). 

Then we define the first-order partial Taylor's polynomial with respect to 
z' = (t, x') of a function v on R'^'^^ at a point Zq = (to, x'q) as 

t^,v(z', x") := viz'o, x") + Y, DMzi x"){x' - 4), 

i=\ 

and the second-order partial Taylor's polynomial of v at z'^ as 

q 
fl, v(z', x") := v{zl x") + vAz'o, x"){t - to) + V D^viz'o, x")ix' - 4) 



1=1 



1 ^ 

+ - 2 Dtjviz'o, x")(x' - xi^ixJ - xi). 



Let ^(z') = ^{t, x\ . . . , x^) = Tjit) nf=i Tlix'), where rj is the same function 
as given in the previous section. For e > let ^e(?, x') = s~^~^^{s~^t, s~^x') 
and define a partial mollification of v with respect to z' as 

v%t, x\ x") = [ vis, y, x")Ut -s,x' - y') dsdy' 

= I v(t-£^s,x' -£y',x")^(s,y')dsdy' 

The following lemma, the proof of which we also omit, is a parabolic ana- 
logue of Lemma [3n 

Lemma 4.1. i) Suppose v e Cj^^'^(R^+'). Then for any e > 0, 

e^-^ sup \Dtr\ + e^-^ sup |D^,r| + e^"^ sup |D,,v1 < N{d, q, 6, r])[v],,,s/2,s- 

^d+i i^rf+i Rrf+i 

n'j SMppo^e V e c(f+'5)/2,^+5(Rrf+i) (^ ^ q, 1,2). r/?en/or anj e > 0, 

]z'Xk+S)/2,k+S- 



sup |v - ri < Nid, q, 6, Ti)s''''\v\ 
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Proof of Theorem \2. 1 5\ As in the proof of Theorem 12 .41 we may assume 
that u e Cl:^^'^'^*\w'^'^). Let y^ > 2 be a number to be chosen later. Since 
a'J = a'-'{x") are independent of z', we have for any r > 0, 

For zo e R^'^' let us write Qp = Qp(zo). Let w e W'j'^,,JQ,r) n C\QJ be 
a unique strong solution of the problem (see [fT4l Theorem 7.17]) 

( Pw = ine„; 

[W = U - U on OpQitr- 

By the maximum principle and Lemma l4?T] ii). we obtain 

(4.3) suplwl = sup \w\ < N(Krf''\u],'^us/2,2+s- 

\J.Kr Op {Jki- 

It follows from the Krylov-Safonov theory that w e C^^,[^'^''(QKr) for some 
exponent 6o = Said, v) 6 (0, 1). Since a'^ are independent of z', as in the 
proof of Theorem |2.4[ we have for any integers £,m> 0, 

(4.4) [D','DTw]o;Q^^„ < (Krr'-^"'N(£, m, d, q, y)|w|o;a,, 
where we used notations 

[Z)^,Z)f w]o,e = max [D"D"V]o;e; Mo;e = Iw'ke = sup|w|. 

aeZ\,\a\=t Q 

Notice that Taylor's formula yields (see |l9l Theorem 8.6.1]) 

(4.5) \w - flMo^Q, < Nr\D]w]o,Q,^ + A^r'[DyAw]o;e, + Nr\Dl,w]o,Q^. 
Then we obtain from (1431 ). (BT?! ). and (B3] ) 

(4.6) \w - f 2 w|o;2, < A^/c~^|w|o;2„. + A^^"Vlo;e„ + A^^"Vlo;e„- 

< iV^-Vlo;e„. < NK'-'r^^\u\,,i^si22^s. 
On the other hand, v := u- u'"' -w satisfies 

{Pv = f-r ine„; 
I V = on dpQ^r- 

Therefore, by the maximum principle and Lemma [3TT] ii) we have 

(4.7) \u - u"'- - w|o;e„. < N(Krf^'[f],,,s/2,s. 
Then by (14.51) and Lemma l4?T] i). we get 

(4.8) W'- - nu'\Q, < NK'~^r^^'[u].,:^s/2,2^s + Nx'~'r^^'[u],,,i^,/2MS 



< NK'-'r^-^'M.^i^sna+s. 
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Take p = t'^,w + t^,u'"' e P2. Then combining ^M, ^J}, and ^M yields 

I I ^1 ^Kr I , \^/<r 'T'2 ^Kri . 1 't'2 i 

\u - p|o;Q, <\u-u - w|o;e, + \u - T^,u |o;g, + \w - T ^,w\q.q^ 

Therefore, we have 

(4.9) r-^-' inf |m - ;?|o;e,(,„) < Nk"'' [i/],M-,,/2,2+5 + A^/^'^'[/]z',^/2,,5, 

P6P2 

for any zo e W^^'^ and r > 0. By taking the supremum in (14.91) and then 
applying [9^, Theorem 8.5.2], we get 

(4. 10) [m],M+5/2,2+^- < A^^'"' ["]zM+5/2,2+5 + A^'c2+^[/],,,,/2,<5. 

The rest of proof is repetitive and omitted. n 

Proof of Theorem \2.16\ We proceed similarly as in the proof of Theorem |2.4| 
and assume that u e C;,* (R'^'^'). Let /c > 2 be a number to be chosen 

later. Since a'^ = a'\x") are independent of z', we have for any r > 0, 

:pM^'' = div/'^''. 

For zo e R-'''^^ write Qp = Qp{zo). Let w e V2{QKr) be a generalized solution 
of the boundary value problem (see lfT2l §111.4]) 

f rw = Q in 2,,; 

(4.11) .„. . ^ 

By the maximum principle (see [[T2l §in.7]) and Lemma l4~T] ii). we obtain 

z',il+S)/2,\+S- 



(4.12) sup \w\ = sup \w\ < NiKr)^^\u] 



e« d„Q, 



p\f.Kr 



By the De Giorgi-Moser-Nash theory we have w € C^i^l^'^^iQur) for some 
exponent 60 = 6o{d, v) 6 (0, 1). Using the assumption that a'^ are indepen- 
dent of z' and arguing as before, we obtain the interior estimate (|4.4I) . Then 
by (1441) and (14.121) . we get 

(4. 13) |w - tlMo;Q, < NrH[Dl,w]o;Q, + [D,w]o,qJ 

<A^r2([D>]o;a,, + [Aw]o;e„,,) 

< iV^-Vlo;e„ ^ NK'-'r'^'[u],>^^,^s)/2Ms. 

Notice that v := m - m"'' - w is a generalized solution from V2{QKr) of the 
problem 

j^v = div(/-r') ine,,; 

I V = on dpQi^r. 

By taking v itself as a test function for the above equation, we get 

(4.14) \\DvK(Q.,<N\\f-rK(Q..y 
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By a local boundedness estimate (see e.g., JHl Theorem 6.17]), we have 

Then the Poincare inequality 

11^11^2(2.,-) ^ ^'^'"11^^11^2(2.,-) 
together with (14.141) and Lemma l4TT] ii) yields 

(4.15) \v\o;Q^,,<N{Kry^'[f],^s/2,s. 
By Lemma |4T|i), we also get 

(4.16) W' - tl,u^\,Q^ < Nr\[Dlu'%,Q^ + [Dfino-^Q^ 

Take p = t\w + t\u'"' e P^ Then by (14131) . (OSl) . and (14361) . we get 

I I ^1 ^Kr I I I ^ A"/* 'T' 1 ^ A^ri I I 'T' 1 I 

|m - p\o-Q,. <\u-u - w|o;e, + \u - T^,u |o;e, + |w - r^j^w|o;e, 
< NK'-'r'^\u\,^^^,^,)i2M5 + A^('cr)i+'^[/],,,,/2,,. 
Therefore, we have 

(4.17) r-'-' inf \u - ;?|o;Q,fe„) < A^/"^[m],',(i-.5)/2,i+5 + NK'^'[f\'m,6, 

pePi 

for any zo G R'^'^^ and r > 0. By first taking the supremum in (14.171) and 
then using the equivalence of parabolic Holder semi-norms similar to \Q\ 
Theorem 8.5.2], we obtain 

[w]z',(l+<5)/2,l+(J < Nk {u\>x'^+s)I2,\+6 + Nk' {f\', 612,6- 

The rest of proof is repetitive and omitted. n 

5. Equations with coefficients independent of x 

As pointed out in the introduction, if the coefficients of the elliptic op- 
erator L are constants, then we have somewhat better partial Schauder esti- 
mates, namely ([t]). More precisely, we consider elliptic operators 

Lqu := a'-'DjjU, 

where a'^ are constants satisfying the condition (12.31) . Then we have 

Theorem 5.1. Assume that f e C^,(R'') and u is a bounded W^i^^ solution 
of the equation 

Lqu = f in W^. 

Then D^>u e C^"^^(R.'') and there is a constant N = N(d, q, 6, v) such that 
(5.2) [D,,uh^s<N[fh,s- 
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Remark 5.3. In the case when q = d-l. Theorem [5]T] implies an interesting 
result that the full Hessian D^u e Cf,(K-'') and 

We give an example showing that Theorem 15.11 and thus Theorem 15.61 
below are optimal in the sense that one cannot expect D^,, u e C^^,ifq < d-l. 

Example 5.4. Recall the following well-known example in R^: 

u(x,y) = xy{-\n(x^ +y^)f^ax,y), 

where ^ is a smooth cut-ofF function in R.^ compactly supported on Bi and 
equals to 1 on 5i/2. A direct calculation shows that Uxx,Uyy e C°(R^) but 
Uxy. i L°°(R^). If we set v{x,y,z) = u(x,y) sin(z), then we have 

Av(x, y, z) = (Ujcx + Uyy - u)(x, y) sin(z), v^yix, y, z) = u^yix, y) sin(z), 

and thus [Av]j.^5 < oo but [Vxy]j,5 = oo. 



Remark 5.5. By using well-known properties of the fundamental solutions 
of elliptic equations with constant coefficients and proceeding similarly as 
in the proof of Theorem I2.4[ we can extend Theorem 15.11 to higher order 
elliptic operators with constant coefficients (cf. [|9i Theorem 3.6.1]). This 
would give an alternative proof of [6, Theorem 3.1]. 

Instead of proving Theorem 15.11 directly, we will prove a parabolic ver- 
sion of it, which is new to the best of our knowledge. We consider parabolic 
operators 

Pou := Ut - a'^(t)DijU, 

where a'\t) are functions depending only on nn a measurable way and sat- 
isfying the condition (12.111 ). In contrast to elliptic equations with constant 
coefficients, the potential theory is not applicable to this case. 

Theorem 5.6. Assume that f e C^^K-''^^) '^^'^ " i^ ^ bounded W^2/of solution 
of the equation 

PQU = f inR''^\ 
Then D^u e c^^+s)/2,i+S(^^d+i-^ ^^j ^f^^^^ -^ ^ constant N = Nid, q, 6, v) such 
that 



(5.7) [£>.'M](i+5)/2,i+5 < A^[/] 



x',S- 



Proof. We use the same strategy as in the earlier proofs, but with u replaced 
by DjU, where j = I, . . .,q. We may certainly assume that u is infinitely 
differentiable in x with bounded derivatives. Let /c > 2 be a number to be 
chosen later. In this proof, we denote 

Wit, x):= — I u{t, yX ( ]dy=\ u(t, x - sy^iy) dy. 
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where ^(x) = ^(x\ . . .,x'') = nf=i n(^') ^nd rj = r](t) is given as in Sect. [31 
Notice that we have for any r > 0, 

Pou^'- = r. 

For zo = (to, xq) e W'^^, let us write Qp = Qpiza). We regard Pq as a diver- 
gence form operator, and for j = 1, . . . , ^, let w be a generalized solution 
from VziQKr) of the problem 

r Pqw = in Q^/, 

\w = DjU - Dju"'' on dpQi^r- 

By the maximum principle and Lemma [XT] ii). we obtain 

(5.9) sup \w\ = sup \w\ < NiKry'-'lDjuh^.^s, 

where [Dju]x,i+s is defined similar to (12.121) . 

Analogous to (14.41) . we have for any integer £ > 0, 

(5.10) [Diw]o;Q,^„ < {Kr)-'N(£, d, v)|w|o;e„, 

We define the first-order Taylor's polynomial of w with respect to x at xq as 

d 

fl^w{t, x) := w{t, xo) + ^ Diw(t, xo)(x' - Xq). 

i=i 

Notice that by Taylor's formula, 

(5.11) |>v-f>|o^g^<A^r2[Z)>]o;e,-, 
This together with (15.101) and fiSM yields 



(5.12) kv-r,> <NK'-'r'^'[Djul,, 



^'0 IO;e, 



.r,l+<5- 



On the other hand, v := DjU - Dju"'' - w satisfies 
(Pov = Dj(f-f) in 2,,; 
\ V = on dpQ,,.. 

Observe that 

Djf = Dj (fit, X) - fit, x\..., xJ-\xi, x^^\ ..., x')) , 
Djf = Dj (fit, X) - fV, x\...,x^-\ xi, x^^\..., ^)) . 
Then, by a similar argument that lead to (14.151) . we obtain 

(5.13) |v|o;e„,, < NiKrf-"' ([/],,,5 + Vn',s) < NiKr)'^\f],,,s. 
Then by the estimate (|5.11l) applied to Dju"'' and Lemma [4TT] i). we get 

(5.14) \Dju'' - flDjU^Q^ < NK'''r'^\DjuU,s. 
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We denote by Pi the set of all functions p on R''^' of the form 

d 

p{z) = Pit, x) = Yj (^\t)x' +fi{t). 



i=\ 



By ta king p = T^w + T^Dju"' e Pi and combining (ISHl) . (ISlH) . and 
(15.121) . we obtain 



Pju - Pl,Q^ < \Dju - Dju- - wl^^^ + \Dju- - npju-l^^^ + \w - r;w|„^^_ 

Therefore, for j = 1 , . . . , ^, we have 

(5.15) r-'-' inf \Dju - p\ , , < N k'-\D ju\,^,^s + NK'^\n,,,,i2,,, 

for any zq 6 R'^^' and r > 0. By taking the supremum over zo 6 W'^^ and 
r > in (|5.15|) and then applying [9, Theorem 3.3.1], we get 

which implies by taking k sufficiently large as before 

(5.16) VDMxMs<N[n.',s. 

To derive Holder continuity in ^variable, we again use the mollification 
method. For any z = {t, x) e R''^' and r > 0, by the triangle inequality, 

\Djt'U{t + r^,x) - D^iuit, x)\ < |Dv'M(? + r^,x)- Dx'u\t + r^,x)\ 

+ \Dx>u{t, x) - Dx'u\t, x)\ + \Dx'u\t + r^, x) - D^,u\t, x)\ . 

The first two terms on the right-hand side is bounded by Nr^^^{f]x> s due to 
Lemma [3TT] ii) and (|5.16l) . To bound the last term, we write 

2 

Dx'Wit + r^, x) - D:,,u\t, x) = I Dx>Dtu\t + s, x) ds 

Jo 

.2 

= I Dy {a'^Diju\t + s,x) + f'Xt + s, xfj ds 

= I {ci'DijD^>u'Xt + s,x) + D^,f\t + s, X)) ds. 
By Lemma IXTI i) and (15.161) . we have 

\D,,f\<Nr'-\n,,^,. 
Combining the estimates above yields 

\DMt + r^, X) - DMt, x)\ < N/^\fh,,s, 
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which implies 

(5.17) <Av'i^)i+5 < M/Iv',5. 

Similarly, we have 

\D-^-^>u(t + r^,x) - D,cx'U{t, x)\ < \Dxx'U{t + r^,x) - Dxx'U^it + P',x)\ 

+ \Dxx'U{t, x) - Dxx'u\t, x)\ + \Dxx'u''{t + r^ x) - Dxx'Wit, x)\ . 

Similar to above, the first two terms on the right-hand side is bounded by 
Nr^[f]x\s due to Lemma [3TT] ii) and (15.161) . To bound the last term, we write 

2 

Dxx'u'^it + r^, x) - Dxx'U^it, x) = I Dxx'D,u''{t + s, x) ds 

Jo 

= I Dxx' {a'^Diju\t + s,x) + fit + s, x)\ ds 

= £(.'^D,D..r(,..,.).D„.f(,..,x))</.. 
By Lemma [JTl i) and (15.161) . we have 



\D'Dxx'u\ < Nr'-\Dxx'uU < A^/"n/]x',5, 



\Dxx'f\ < Nr'~'{nx-,6. 
Combining the estimates above yields 

\Dxx'U{t + r^, x) - Dxx'Uit, x)\ < Nr^[f]x',s, 
which together with (|5.16l) implies 

(5.18) [Dxx'U]s/2,S<N[f]x',6. 

By combining (15.171 ) and (15.181 ), we obtain the desired estimate (15.71) . The 
proof is complete. n 

Remark 5.19. By the same reasoning as in Remark D.19[ Theorem 15. II and 
I5.6| can be extended to operators with coefficients that are Holder continuous 
with respect to x'. 
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